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Abstract

In this paper we study some models for dealing with Fuzzy Integer Linear Programming problems which have a
certain lack of precision of a vague nature in their formulation. We present methods to solve them with either fuzzy
constraints, or fuzzy numbers in the objective function or fuzzy numbers defining the set of constraints. These
methods are based on the representation theorem and on fuzzy number ranking methods.
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1. Introduction

Integer Linear Programming (ILP) problems have an outstanding relevance in many fields, such as
those related to artificial intelligence, operations research, etc. They are especially important for
representing and reasoning with propositional knowledge. Thus, the use of Mathematical Programming
(MP) techniques for treating propositional logic is useful. In particular, several research efforts have
involved the use of MP as a tool for modeling and performing deductive reasoning. An arbitrary system
of rules can be represented and solved as an Integer Linear Program. The applications of Integer
Programming to logic lead to new algorithms for inference in Knowledge-Based-Systems [13,15,20,23].

A classical ILP problem can be written as follows:

max z=cx (D
st. ) ayx;<b, ieM={1,...,m},

JjeEN

x;20, jeN={1,...,n},

x;€N, jEN,

where N is the set of integer numbers, c € R"” and a,, b,cR, i€ M, jN.

ij2

* This research has been supported by DGICYT PB92-933.
* Corresponding author.

0377-2217 /95 /$09.50 © 1995 Elsevier Science B.V. All rights reserved
SSDI 0377-2217(93)E0338-X



582 F. Herrera, J.L. Verdegay / European Journal of Operational Research 83 (1995) 581-593

In real situations however the information available in the system under consideration not of an exact
nature. The aim of this paper is to study different problems, where some lack of precision of a vague
nature may be assumed on their formulations, providing a tool helping reasoning in imprecise Knowl-
edge-Based-Systems. This kind of problems will be called fuzzy integer linear programming (FILP)
problems.

In [12] a classification of them was shown, along with a description of each of the possible problems,
and an initial study of the fuzzy boolean linear programming problems with fuzzy constraint was carried
out. In view of this classification we will study the FILP models to ascertain whether there are either
fuzzy constraints, or fuzzy numbers as coefficients in the objective function or fuzzy numbers defining the
set of constraints. In the following section we will firstly discuss the FILP problem with fuzzy constraints,
in section three the FILP problem with fuzzy numbers in the objective function and in section four the
FILP problem with fuzzy numbers in the technological matrix. Finally, some conclusions will be pointed
out.

2. FILP problems with fuzzy constraints

This problem can be written as

Max z=cx . (2
s.t. Y a;x;<b;, i€EM, '

JEN

x; =0, jEN,

x;€N, jeN.

The symbol < means that the decision-maker is willing to permit some violations in the accomplishment

of the constraints, that is, he considers fuzzy constraints defined by membership functions
w;:R"—>(0,1], ieM. (3)

Each of these gives the degree to which each x € R™ accomplishes the respective constraint.

This problem was studied in [8], where an auxiliary ILP problem was presented as a transformation of
the former FILP problem into a deterministic model with linear constraints, a modified objective
function and some supplementary constraints and variables.

Next, following the ideas expressed in [18,12] we will present an alternative model which allows a fuzzy
solution of the problem to be obtained according to the use of the representation theorem of fuzzy sets.

Consider a linear membership function for the i-th constraint,

1 if a;x <b,,
p(x)=1{[(b;+d;) —a;x]|/d; ifb<ax<b+d,
0 ifax=b+d,

and denote for each constraint
Xi={xeR"|aix5bi, x; =0, xjeN}, ieM.
If X=N,cX; then (2) can be rewritten as

max {z=cx|x €X}. (4)
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It is clear, Va € (0,1], an a-cut of the constraint set will be the classical set X(a) = {x € R" | ux(x) = a}
where Vx € R, p(x) = inf{u(x), i € M}. In this way, X,(a) will denote an a-cut of the i-th constraint,
ieM.

Then, denoting Ve < (0,1],

S(a) = {xER”|cx=maX cy, yEX(a)}’

the fuzzy set defined by the membership function

sup @ x€ | S(a),
A(x) = xes(@ a (5)
0 elsewhere,
is the fuzzy solution of the problem (2) (Orlovski, [16]).
As Va €(0,1],
X(e)= N {xeR"|g;x<r(a), x;20, x;,€N}
ieM
with r(a) =b; + d(1 — @), (3) can be written as the following auxillary parametric ILP problem:
max z=cx (6)
s.t. ax<b+d(l1—-a), i€M,
x; 20,

x; €N, a€(0,1], jeN.

In [1] an approach was shown to solve (6), and by means of the parametric solution of (6) the fuzzy
solution to (2) is obtained with a membership function like (5).

The initial problem (2) may be presented with nonlinear membership functions for the constraints. As
was shown in [7], the form of the membership functions does not make the use of the representation
theorem complicated. In [9] it was shown that in all cases the objective function associated to the fuzzy
solution is included into the same interval. In [7] a method was presented which allows us to obtain the
fuzzy solution to a fuzzy linear programming problem with nonlinear membership functions from the
fuzzy solution associated to the fuzzy linear programming problem with linear membership functions and
same right margins [7,292-293, Proposition 2]. These results may be applied directly to the FILP
problems. Therefore, the use of nonlinear membership functions do not interfere in the computational
efficiency of the solution method. o

2.1. Numerical example

Consider the following problem:

max z=2x;+5x,
st.  2x,—x,59,
2x,+8x, <31,
X, X, 20,
X, x€N,
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with d; = 3 and d, = 4 the right margins allowed by the decision-maker. The auxiliary parametric integer
programming problem is

max 2x;+5x,

s.t. 2x;,—x%,<9+3(1-a),
2%, +8x, <31 +4(1 —a),
X1, X, 20,

X1, X, €N,
O<ax<l.

Applying the resolution method the following solution is obtained:
x(a)=(53), z(a)=25 Vae (0,0.25],
x(a) =(4,3), z(a) =23 Vae (0.25,0.75],
x(a)=(33), z(a)=21 Vae (0.75,1],

and finally, the fuzzy solution is the following fuzzy set:
S =1{(5,3)/0.25, (4,3) /0.75, (3,3) /1}.

3. FILP problems with imprecise costs

Here we study FILP problems with imprecise coefficients in the objective function, that is, with
coefficients defined by fuzzy numbers. The problem can be written as

max z= ), cX; (7)
jeEN
st. ), a;x,<b, i€EM,
jeN
x;20, jEN,
x;€N, jeN,

where a;;, b; € R are real coefficients, and the costs in the objective are fuzzy numbers, that is, ¢; € F ®,
F(R) being the set of real fuzzy numbers, i €M, j EN.
Thus, one has the membership functions

ILj:[R—')[Oal]’ jEN: (8)

expressing the lack of precision on the values of the coefficients that the decision-maker has.

For each feasible solution, there is a fuzzy number which is obtained by means of the fuzzy objective
function. Hence, in order to solve the optimization problem, obtaining both the optimal solution and the
corresponding fuzzy value of the objective, methods ranking the fuzzy numbers obtained from this
function may be considered. From this point of view two ways to solve (7) can be approached. The first
will consist of the use of several well known ranking fuzzy numbers methods, each of which will provide a
different auxiliary conventional optimization model solving the former problem. The second approach
will explore the behavior of the representation theorem for fuzzy sets when it is used as tool to solve the
proposed problem.
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3.1. The use of fuzzy number ranking methods

In this section, let X be the set of feasible alternatives of (7), and g a function mapping the set of
feasible alternatives of (7) into the set of fuzzy numbers,

g: X—>F(R), g(x)=cx= Zgjxj’ ¢, €F(R), 9
JEN

where extended sum and product by positive real numbers have been considered defined in F(R) by
means of the Zadeh’s Extension Principle.

Consider the set of fuzzy numbers 4 ={g(x)| x €X}. Then x* €X will be said to be an optimal
alternative if the fuzzy number g(x*) is greatest in 4. Hence, the problem now is how to determine the
greatest in A.

The problem of comparison of fuzzy numbers has been widely investigated in publications. Many fuzzy
numbers ranking methods (FNRM) can be found for instance in [2] and [10]. This paper will focus on
those FNRMs which are defined by means of a ranking function, and particularly by means of a linear
ranking function (LRF), which is not too restrictive because many well known FNRM can be formulated
by using linear ranking functions in some way.

Consider 4, B € F(R). A simple method of comparison between them consists of the definition of a
certain function f: F(R) — R. If this function f(-) is known, then f(A) > f(B), f(A) =f(B), f(A) < f(B)
are equivalent to A > B, A =B, A <B respectively. Usually, f is called an LRF if

VA,BeF(R); VreR r>0; f(A+B)=f(A)+f(B)and f(rd) =rf(A). (10)

As it is well known, from this definition several FNRPs may be considered. In [3] an extensive study of
these LRF can be found. o

To simplify, triangular fuzzy numbers will be considered. They will be denoted c;=(r, ¢ R j), and
their membership functions supposed in the form

(w—r)/(e;—r)  ifr<u<c,
VuER, JEN, pe(u) =\ (R;-u)/(R;—¢;) ife;<us<R;, (1)

0 otherwise.

Then the following result holds [11]. Let us assume a linear expression y = & 7€;X; in which the ¢;’s are
fuzzy numbers with membership functions similar to the ones given by (11), and x ;=0, j€N. Then the

membership function of the fuzzy number y is given by

h(z)=(z—m)/(ex—m) ifx>0,mm<z<cx,
m(z) ={g(z)=(Rx—z)/(Rx—cx) if x>0,cx<z<Rx, (12)
0 ‘ otherwise,

where r =(ry,...,r,), c=(cq,...,c,)and R=(R,,...,R,). Ifitis denoted that d =R —cand d' =c —r,
then d-x and d'-x will be the lateral margins (right and left respectively) of the fuzzy number cx.

If we apply different methods of ranking fuzzy numbers to (7) then it is interesting to observe how the
optimal solution to it will be an optimal solution of a conventional Programming problem with similar
constraints and a nonfuzzy objective function. This nonfuzzy objective reflects, by means of the ranking
functions, the preference of the decision-maker.
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Consider a ranking function f mapping each fuzzy set into the real line, f: A — R. Then a solution for
(7 can be found from

max  f(cx) | (13)
st. Ax<b,
x;€N, jEN.

Therefore according to the ranking function f used, different auxillary models solving (7) can be
obtained. Clearly, if we use LRF then the auxiliary problem obtained in (13) will be the following ILP
problem:

max{ Y f(gj)ijjE'N,xEX}. (14)
JEN .
Some of these auxiliary models are shown in the following
a) The use of the Index of Chang [4] provides the problem

max {(dx +d'x) - (3cx +dx —d'x) /6| Ax <b, x; €N} (15)

which is nonlinear.
b) The use of first, second and third Index of Yager [21,22] produces respectively the models

max {[c +(d —d')/3]x| Ax <b, x; €N}, (16)
max {(cx +dx)/(dx+1) | Ax <b, x; N}, (17)
max {[c + (d —d') /4] x| Ax <b, x; €N}. (18)

3.2. The use of the representation theorem

Consider V¢ € R”, ¢ = (cy,...,c,), the membership function
u(c)=inf u;(c;), jEN.
J

It is clear, as was shown in [19], that u(-) defines a fuzzy objective which induces a fuzzy preorder in X.
Consequently a fuzzy solution to (7) can be found from the solution of the Multiobjective Parametric
Integer Linear Programming problem

max {exIVeeR": u(c) =1 —a}. (19)

But, taking into account that
p(c)zl-aeinf u(c)zl—-ae=pu(c)zl—a, jEN, ac [0,1],
j

from (12),
pic)yzl—aeh(1-a)<c¢;<g/'(1—a), jEN,
is obtained, and denoting ¢, =h;!, ¥, =g; ', j €N, the problem (19) can be written as
max {ex|x€X, ®(l-a)<c<s¥(1—-a),ac[0,1]} (20)

where @(-) =[¢(-),...,¢,( and ¥ =[¥,(-),..., ()]
Moreover, if I'(1 — ), a €[0,1], denotes the set of vectors ¢ € R” with all of their components c; in
the interval [¢ (1 — @), ¥}(1 —a)), j €N, (20) can be finally rewritten as

max {cx{x€X,cel(l1-a), ac[0,1]} (21)
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which for each a €[0,1] is a Multiobjective ILP problem denoted M(a) and having in its objective
function costs that can assume values in the respective intervals. Different alternatives can be considered
here: first, following [5], the resolution of all problems in the family {M(a), « €[0,1]} where the fuzzy
solution for (7) will be obtained from the solution of the following Multiobjective Integer Programming
problem:

max (c'x, c¢%x,,...,x%x) (22)
st. Ax<b,

x>0, ckEE(l—a),

ac[01], k=1,2,...,2",

where E(1 — a) cI'(1 — ) is the subset constituted by vectors whose j-th component is equal to either
the upper or the lower bound of ¢;, ¢ (1 —a) or V(1 —a), jEN.

On the other hand, according to some results by Ishibuchi and Tanaka, [14], on the use of interval
arithmetic for solving LP problems with interval objective functions, the fuzzy solution for (7) can be
found from the parametric solution of the following biobjective parametric problem, P(a):

max z'(a)=(z'(x, @), z°(x, a)) (23)
st. Ax<b,

x;€N, jEN,

a€[0,1],

where z1(x, @) and z°(x, «) in the case of triangular fuzzy numbers are defined by

n n
Zi(x, @)= ¥ [¢;—a(c;—r)]x; and z°(x, @) =3 ¥ [2¢; + a(R; +r,— 2¢;)| x;.
j=1 i=1

Now, in accordance with the representation theorem for fuzzy sets, one can define

§= UaS(1-a)

o

which is a fuzzy set giving the fuzzy solution to the former problem, in which S(1 — «) is defined as the
set of solutions of the auxiliary problem considered according to the two approaches, (22) or (23), for
every a €[0,1].

Concretely, a decision-maker may be able to assign weights 8, €[0,1] to each of the objectives taking
part in (22) or (23), such that ©, 8, = 1. Then conventional parametric LP problems are obtained.

Let us assume (22) and (23) and consider 8 =w = (w;,...,®,) and B=v=(v,, v,) then these
problems are denoted Mﬂ(a) and P,(a) respectively. If the set of optimal points of these is defined as
S5(1 — @) for every @ €[0,1], then the fuzzy solution with weight 8 will be given by the fuzzy set

Sg= U Sp(l—a).

In {11] it was shown that using weight vectors then Pﬁ(a) is a particular case of M B(“)' It is enough to
take w; = (v, + 3v,), o, = 1v,, and ;=0 for 0 <i <t, and the equivalence is obtained.
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3.3. Numerical example

Consider the following problem:

max z=c.x;+5x,

s.it. 2x,—x,<12,
2x, +8x, <35,
x;20, x;€N, jEN,

where ¢ =(1, 3,'5).
We have the following functions:

¢(l—a)=3-2a, Y(l—a)=3+2a,
and the associated interval parametric problem is:
max z=c;x;+5x,
s.t. 2x, —x,<12,
2x,+8x, <35,
3-2a<c;£3+ 2a,
x;20, x;€N, jeN, aec[0,1].

From (23) the auxiliary multiobjective ILP problem is:

max {(3—2a)x; +5x,, (3+2a)x, +5x,}
s.t. 2x;—x,<12,
2x, +8x, <35,
x;20, x;€N, jEN, a<]0,1].
Next, we solve the above auxiliary multiobjective ILP problem for the following weight vectors:
B=(1,0) and B =(0.5,0.5)
For 8 =(1,0) the auxiliary parametric problem is:
max z=(3-2a)x,+5x,
st 2x,—x,=<12,
2x, +8x, <35,
x>0, x;€N, jeN, a€[0,1],

the optimal solution of which is
x(a)=(72), z(a) =31—14a Veae€[0,0.25],
x(a)=(53), z(a) =30—10a Ya€[0.25,0.875],
x(a)=(1,4), z(a) =23-2a VYaec{0.875,1],
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For B =(0.5,0.5):
max z=3x;+5x,
st.  2x;—x,<12,
2x; +8x,<35,
x;20, x;€N, jeN, ae]0,1],
and the corresponding optimal solution
x(a) =(7,2), z(a) =31 VYa<]0,1], S, =1{(7,2)/1}.
Using Ranking Function the auxiliary problem obtained is
a) Using the ranking function of Chang,
max {2x] +3.33x,x,12x; —x,<12,2x, +8x, <35, x;20, x,eN, jEN},

the optimal solution of which is x* = (7,2).
b) Using the ranking functions of Yager,

max {3x, +5x,12x, —x, <12, 2x, +8x,<35,x;20, x;EN, jEN},
max le——FS—XEIZJCI —x,<12,2x,+8x,<35,x;,20,x,eN,jeN
2x,+1 ! T ’
max {3x1 +5%,12x; —x,<12,2x, +8x,<35,x;20, x;€N, § EN},
and the corresponding optimal solutions are x* = (7,2), x* = (0,4) and x* =(7,2) respectively.
Remark. As we can see according to the solution method used we have different solutions, which is in
accordance with the imprecise raising of the problem. When the representation theorem is used then a

fuzzy solution is obtained, which contains good alternatives, and hence the decision maker eventually
makes the final choice himself.

4. FILP problems with fuzzy numbers as coefficients of the technological matrix

Now, we consider FILP problems with fuzzy numbers defining the set of constraints. These can be
formulated as follows:

max z=c¢x (24)
st. ) a;x;<b, i€M,

JEN

x;20, jeN,

x;€N, JEN,

where g;;, b, € F(R). The symbol < means, as in (2), that the decision-maker permits certain flexible

accomplishment for the constraints. Thus, the following membership functions are considered:
For each row (constraint) in (24),

3p, € F(R) such that u;:R— [0,1], i€ M, (25)

which defines the fuzzy number on the right-hand side.
For each i €N and j €N,

3u;; € F(R) such that p;;:R— [0,1], (26)
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defining the fuzzy numbers in the technological matrix.
For each row of (24),

A e F[F(R)], u':F(R)—(0,1], (27)
giving, for every x € R”, the accomplishment degree of the fuzzy number
anXitapx;,+ - +a,x,, (€N,

with respect to the i-th constraint, that is, the adequacy between this fuzzy number and the correspond-
ing one b; with respect to the i-th constraint.

Let ¢; be a fuzzy number, fixed by the decision maker, giving his allowed maximum violation in the

accomplishment of the i-th constraint. Then as an auxiliary problem to solve (24), one can propose the
following one:

max ciX; (28)
a

s.t.

n
P
j=1
n
Y ax[<|bi+1(1-a), ieM,
j=1

x;20, ac(0,1]] jeN,

where represents a relation between fuzzy numbers. Moreover, according to the characteristics of

the relation , different models of conventional LP problems are obtained. Considering this relation as
a ranking function, the auxiliary model obtained is the following:

max cx

(28)
s.t. f( igijxj) <f(bi+1;(1-a)), i€M,
X; l;(;, ac(0,1], jEN,
and, if we use LRF, then (28) becomes the following parametric LP problem:
max i CiX; (29)
j=1
st X f(a)n <) +fe)(1-a), i<
)]cij, as(0,1], jeN.

4.1. Numerical example

Consider the following problem:
max z=2x,+5x,
s, 2x;—1x, <9,
2x,+8x, <31,
X1, X, 20,
X1, X, €N,
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with

a;,=(1,2,3), a,=05,1,2), b, =(7,9, 10), £, = (2.5, 3, 4,) and

a, = (1.5, 2,35), ay, = (7,8, 10), b, = (29, 31, 35), 1, =3, 4, 6).
By means of (28) the auxiliary problem is written as

max z=2x,+5x,

st 2x;— 1y [<]9+ 3(1 — @),
2x1+§x231+4}(1—a),
Xy, X,20,
x5, %, €N, as(0,1],

and applying the ranking function for fuzzy numbers, the auxiliary parametric models which represent

the preferences according to the ranking method are obtained. In this example, we apply a linear ranking
function, the first index of Yager.

a) Using the first index of Yager,

max z=2x,;+5x,

s.t.  2x,—1.166x, < 8.666 + 3.166(1 — «),
2.333x, + 8.333x, < 31.666 + 4.333(1 — ),
X1, X, =0,
i, %N, ac(0,1],

whose optimal solution is
§=1{(7,2)/0.052, (4,3) /0.384, (6,2) /0.683, (3,3) /0.923, (5,2) /1}.

Note how different this solution is from the corresponding one in the parallel model without fuzzy
numbers in the technological matrix shown in Section 2.1.

If we use nonlinear ranking functions then nonlinear parametric programming problems are obtained,

which makes its solution more complicated. For example, if we use the index of Chang, [4], we obtain the
next auxiliary problem.

b) Using the index of Chang,
max z=2x,;+5x,,
st. (2x;41.5x,)(x, —0.583x,) < [3 +1.5(1 — )] [4.333 + 1.583(1 — &)],

(2x, 4+ 3x,)(1.666x, + 4.166x,) < [6 + 3(1 — )] [15.833 + 2.166(1 — @)],
X, %,20,

x5, %, €N, a<(0,1],

which is a nasty nonlinear parametric programming problem.

5. Conclusions

In this paper we study three models for dealing with the lack of precision of a vague nature in the
formulation of ILP problems, with either fuzzy constraints, or fuzzy numbers in the objective function or

fuzzy numbers defining the set of constraints. Some approaches based on the representation theorem
and on FNRP have been provided to solve them.
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The computational burden of the auxiliary method is in relation to the number of auxiliary integer
linear programming problems that we must solve.

All the models obtained in the paper have expressions for triangular fuzzy numbers, but all of them
may be easily rewritten for the case of fuzzy numbers of LR kind.

As we have already said, the use of the representation theorem gives us integer parametric auxiliary
problems, the solutions of which are used for building the fuzzy solution of the models. The fuzzy
solutions are in accordance with the imprecise raising of the problems, and contain good alternatives,
and hence the decision maker eventually makes the final choice himself. On the other hand, when we use
ranking methods, each method has its own advantages over the others in some particular situations, the
choice of a ranking method has effects on the results as we can see in the examples, and also the decision
maker must choose the final ranking method according to his preferences.

Finally, we must also point out the necessity of developing an interactive decision support system in
fuzzy integer programming problems, which would allow intelligent decisions according to the actuation
preferences of the decision makers. This problem will be dealt with in future papers.
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